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Abstract Thermal barrier coatings are generally designed to

possess very low thermal conductivity to reduce the conduction

heat transfer from the coating surface to the metal turbine blade

beneath the coating. In high-temperature power generation

systems, however, a considerable amount of radiative heat is

produced during the combustion of fuels. This radiative heat

can propagate through the coating and heat up the metal blade,

and thereby reduce the effectiveness of the coating in lowering

the thermal load on the blade. Therefore, radiative properties

are essential parameters to design radiative barrier coatings.

This article presents a combined radiation and conduction heat

transfer model for the steady-state temperature distribution in

semitransparent yttria-stabilized zirconia (YSZ) coatings. The

results of the model show a temperature reduction up to 45 K

for YSZ of high reflectance (80%) compared to the YSZ of low

reflectance (20%). The reflectivities of YSZ and metal blade

affect the temperature distribution significantly. Additionally,

the absorption and scattering coefficients of YSZ, the thickness

of the coating, and the thermal conductivities of YSZ and metal

blade affect the temperature distribution.

Introduction

The development of ceramic coatings to protect materials for

high temperature use is critical for power generation where

high thermal efficiency is required. Such coatings can pro-

vide a thermal barrier between metal components and hot

combustion gases, allowing higher combustion temperatures

for improved turbine performance without component deg-

radation. Much of the research on thermal barrier materials

has been driven by the desirability to reduce thermal con-

ductivity and improve microstructural stability at high tem-

peratures. Such efforts considered convection and thermal

radiation of hot combustion gases and conduction in the

ceramic coating layer as the dominant heat transfer mecha-

nisms. So, there were considerable interests in developing

thermal barrier coatings (TBCs) with lower thermal con-

ductivity to improve the performance of gas turbine systems.

Klemens and co-workers [1, 2] described some of the fun-

damental concepts of thermal conduction and how thermal

conductivity may be reduced by altering the microstructure

and composition. They considered phonon energy transfer

by lattice waves due to anharmonic interactions, scattering of

waves by lattice defects, and reflection of waves by grain

boundaries and interfaces. The properties of TBCs that affect

such interactions include the chemical composition, pore

content and architecture, or other aspects of the topology of

the coating (e.g., layering and grain size) and, therefore,

these attributes are generally modified to lower the thermal

conductivity of TBCs. Singh and Wolfe [3] studied the

properties of a variety of coatings produced by electron

beam-physical vapor deposition with various compositions

under different deposition conditions. Trice et al. [4] inves-

tigated the effect of heat treatment on the phase stability and

microstructure of yttria-stabilized zirconia (YSZ) coating

using X-ray diffraction and transmission electron micro-

scope and observed that the thermal conductivity decreases

due to heat treatment.

When thermal radiation becomes significant at elevated

temperatures, the temperature distributions in the coating
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and metal blade are affected by both the absorption of

incident thermal radiation and the conduction heat flux. So,

various optical properties—such as refraction index,

absorption index, and absorption coefficient—will affect

the performance of TBCs in addition to the thermophysical

and mechanical properties, such as the thermal conduc-

tivity, melting point, oxidation stability, and thermal sta-

bility. The spectral radiative properties of materials—such

as the reflectivity, absorptivity, transmissivity, and emis-

sivity—allow analyzing the radiative heating of TBCs and

metal blades due to the combustion gases emitting energy

over a broad spectral range. Thermal radiations of certain

wavelengths may transmit without being absorbed in the

coating and, in that case, the radiative energy will be

deposited on the metal blade depending on its reflectivity.

On the other hand, thermal radiations of another spectral

region may be absorbed in the coating and, in that case, the

radiation acts as an internal heat source for the coating.

These radiative effects should be considered to determine

the temperature distribution in turbine blades for high-

temperature applications. YSZ coatings, which are widely

used as TBCs, are translucent over the thermal radiation

spectral range [5].

As pointed out by Eldridge et al. [5], the infrared trans-

mittance and reflectance of TBCs have important implica-

tions on the performance of these coatings as radiation

barriers as well as affecting the measurements of the TBC

thermal conductivity. To optimize the operating temperature

of coatings, an accurate analysis of the temperature distri-

bution is necessary to understand how any change in the

combustion environment affects the temperatures of the

coating and metal blade. According to Singh and co-workers

[3, 6], increasing the reflectance by means of nano-layered

coatings may decrease the surface temperature of gas turbine

blades up to 180 �C, which could lead to a significant (more

than 10 times) improvement in the blade lifetime. They also

measured the reduction in the metal blade temperature

because of multilayered reflective coatings.

Combined radiation and conduction energy transfers

have been analyzed in several studies. Wang et al. [7]

presented a two-flux model to account for the radiative and

conductive heat fluxes, calculated the temperature distri-

butions in the coating layer and the metal blade, and

showed that multilayered coatings can reduce the metal

surface temperature. Since the refractive index has signif-

icant influences on the radiative transfer in medium, they

also analyzed the effects of complex refractive index on the

radiative heat transfer in a single layer of semitransparent

medium and in multilayered coatings because the real and

imaginary parts of the complex refractive index affect the

reflectivity while the imaginary part affect the absorption

coefficient. Their simulation results showed that more than

50% reflectivity can be achieved in the wavelength range

0.45–5 lm for multilayered TBCs that are based solely on

ceramics.

Siegel and Spuckler [8] modeled the effect of thermal

radiation on the temperature distribution of TBCs in tur-

bine engines for aerospace applications. They examined the

effects of the photon scattering within the coating and the

reflectivity of the coating, and reported that the scattering

coefficient of YSZ coating is much larger than its absorp-

tion coefficient at wavelengths up to 5 lm. They examined

that the largest increases in metal temperature is due to a

high index of refraction of translucent coating. Absorption

is the means of direct interaction of radiation with the

energy equation, and the local radiant emission from the

volume element also depends on the absorption coefficient.

Another important radiative property is the coating

refractive index; this is because internal radiant emission

depends on the refractive index squared. A larger refractive

index also increases external and internal reflections which

lead to trapping of radiation within the material by multiple

internal reflections.

Modelings for coupled conductive and radiative heat

transfers in the presence of absorbing, emitting, and iso-

tropic scattering media are also carried out by many

investigators. Viskanta and Kim [9], Mahapatra et al. [10],

and Spuckler and Siegel [11] proposed a steady-state

model for coupled conduction–radiation heat transfer with

semitransparent boundaries. Since the radiative heat flux

depends strongly on temperature, accurate instantaneous

temperature distributions were calculated based on a tran-

sient numerical model [12–14] with various radiative and

thermal boundary conditions including internal reflections.

The numerical method involved nodal analysis, Hottel’s

zonal method, and geometrical optics for ray tracing, and

the solution allowed investigating the effects of optical

thickness, conduction and radiation parameters, and the

absorption coefficient on the coating temperature. The

radiative and conductive properties of the coating need to

be known accurately to calculate the temperature distri-

bution correctly. Demange and Bejet [15] designed two

methods for measuring the thermal properties of TBCs,

such as the thermal diffusivity and specific heat capacity,

and the radiative properties, such as the emissivity and

absorption coefficient, of partially transparent ceramics.

These properties are useful to understand the conductive

and radiative heating phenomena within a semitransparent

material and they allow predicting the temperature distri-

bution in turbine blades exposed to radiation from a

combustor.

This article presents a one-dimensional model for cou-

pled conductive and radiative heat transfer in the TBC and

metal blade at the steady state. The heating of the turbine

blades by the hot combustion gases is considered to be due

to two effects: convection heat transfer and radiative
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heating. A convective boundary condition is applied at the

free surface of the coating to account for the convection

heat transfer. The heat transfer coefficient used in this

boundary condition will also allow examining the effect of

the coolant flowing out of the cooling holes at this coating

surface. The radiation from the hot combustion gases is

considered to undergo both scattering and absorption

within the TBC layer. The absorption phenomenon is

manifested as a volumetric heat source for radiative heating

of the TBC layer. When the radiation propagates through

the coating to incident on the metal blade, a fraction of the

incident radiation is absorbed by the blade and the rest is

reflected back toward the coating layer. The coating–

bondcoat (BC) interface, in turn, allows a fraction of the

reflected radiation to enter into the coating layer and the

rest is reflected back onto the metal–BC interface. These

back and forth reflections cause multiple reflections at the

coating–BC and metal–BC interfaces, which are taken into

account in this study. Also conjugate boundary conditions,

i.e., the continuities of temperatures and heat fluxes, are

considered at the metal–BC interface. To account for the

effect of coolant flowing through the hollow space in the

metal blade, a convection boundary condition is applied at

the metal–coolant interface. The results of this article also

indicate that a single coating layer of high reflectivity can

be an effective RBC in contrast to the multilayered coat-

ings discussed by Singh and Wolfe [3], Kelly et al. [6], and

Wang et al. [7].

Mathematical model for radiative heating of TBC

Radiative and conductive heat transfers are analyzed in the

TBC on superalloy turbine blades for evaluating the thermal

protection characteristics of the coating in high-tempera-

ture turbine systems. The mathematical model becomes

complicated when appreciable heat conduction occurs

simultaneously with radiative heating in absorbing, emitting,

and scattering media. Such models are generally solved

using numerical methods to obtain the distributions of tem-

perature and scattered energy, and the heat fluxes of interest.

The analysis, however, is simplified greatly for one-dimen-

sional heat transfer at the steady state, which is considered in

this study. Since the coating thickness is much smaller than

the coating surface area and the hot combustion gases flow

turbulently around the turbine blades, the heat conduction

can be considered one dimensional in the thickness direction.

The curved surfaces of turbine blades and the blade size,

i.e., the length of the blade being much larger than its

width, make the heat transfer problem multidimensional.

The one-dimensional heat transfer approximation, however,

is expected to hold good over localized domains at various

regions of the turbine blades.

Figure 1a shows the planar geometry of YSZ coating on

a superalloy turbine blade with x = 0, LY, Lm, and Lc

representing the free surface of the coating layer, and

coating–BC, metal–BC, and coolant–metal interfaces,

respectively. It illustrates the combined transport of ther-

mal energy by conduction and radiation in the coating

layer, which is considered semitransparent in this study.

The hot combustion gases flow over the coating surface at

x = 0 and thus cause convection heating of the surface

with the heat transfer coefficient hg. The thermal radiation

from the combustion gases, on the other hand, enters into

the coating layer and propagates toward the metal through

the absorption and scattering mechanisms. To obtain an

expression for the temperature distribution, TY(x), in the

YSZ coating layer, an elemental control volume of thick-

ness Dx is considered as shown in Fig. 1b. The conserva-

tion of energy yields the following expression relating the

conductive and radiative heat fluxes for this control volume

at the steady state.

hg   T∞,g   

Ig(λi,0)

x

T

TY(0)

TY(LY)=Tm(Lm)

x=0 x=LY x=Lc

Tm(Lm)

hc

T∞ ,c

Control volume 

YSZ
Metal 
blade

Hot gas 
Cooling

gas
εY, ρY εm, ρm

BC

x=Lm

q’’(x)
(Conduction) q’’(x+D x)

Ift(x)
(Forward Radiation) 

Ift(x+D x)

D x Ibt(x)
(Backward Radiation) Ibt(x+D x)

(a) (b)

D x

Fig. 1 a Geometrical

representation of the turbine

blade system for modeling

conduction and radiative

heating. b Typical control

volume for energy balance
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Aq00ðxÞ þ AIftðxÞ þ AIbtðxþ DxÞ � Aq00ðxþ DxÞ
� AIftðxþ DxÞ � AIbtðxÞ ¼ 0; ð1Þ

where A is the surface area normal to the direction of heat

flow through the control volume in Fig. 1b and q00(x) is the

heat flux in the x direction in units of W/m2. The heat

transfer rate by conduction through the plane wall of area A

is given by q(x) = q00(x)A. Ift(x) is the total intensity due to

the forward-moving thermal radiations of different wave-

lengths emitted by the combustion gases. Ibt(x) is the total

intensity due to the backward-moving thermal radiations of

different wavelengths. These backward-moving thermal

radiations originate from the reflections at the metal–

coating interface as shown in Fig. 2.

Dividing both sides of Eq. 1 by Dx, taking the limit as

Dx ? 0 and utilizing the Fourier law of heat conduction,

i.e., q00ðxÞ ¼ �kYðTYÞðdTYðxÞ=dxÞ; where kY(TY) is the

temperature-dependent thermal conductivity of the YSZ

coating, Eq. 1 can be written as follows for the temperature

distribution in the coating layer.

d

dx
kYðTYÞ

dTYðxÞ
dx

� �
� dIftðxÞ

dx
þ dIbtðxÞ

dx
¼ 0: ð2Þ

Similarly, the governing equation for the temperature

distribution in the metal blade is given by

d

dx
kmðTmÞ

dTmðxÞ
dx

� �
¼ 0; ð3Þ

where km(Tm) is the temperature-dependent thermal con-

ductivity of the metal blade. Equations 2 and 3 are solved

for TY(x) and Tm(x) under appropriate boundary conditions.

Equation 2, however, involves the total radiative intensities

of the thermal radiation, which can be determined as

follows.

Determination of the intensities

Intensity at the control volume due to the forward-moving

radiation

The total intensity due to the forward-moving thermal

radiation, Ift(x) can be expressed as

IftðxÞ ¼
XN

i¼1

Ifðki; xÞ; ð4Þ

where If(ki,x) is the intensity at any point x inside the coating

layer due to the forward-moving thermal radiation of

wavelength, ki, emitted by the combustion gases. N is the

total number of such wavelengths considered for calculating

the total intensity. In this study, N is taken as 4 by considering

four major wavelengths (0.5, 1, 3, 5 lm) that are in visible

and near infrared ranges. The combustion gases emit

radiations in various wavelength ranges. If the spectral

intensity of combustion gases follows the Planck blackbody

radiation [16], the intensity of the radiation emitted by the jth

gas in the wavelength interval Dki,j about the wavelength ki

can be written as ej(ki,Tg)I(ki,Tg)Dki,j. Here, ej(ki,Tg) is the

emissivity of the jth gas emitting radiation at the wavelength

ki and gas temperature Tg. I(ki,Tg) is the spectral intensity of

the Planck blackbody radiation [16], which is expressed in

terms of the amount of energy emitted per unit area of a hot

surface of temperature Tg per unit time per unit wavelength

interval Dki about the wavelength ki, i.e., in units of W/

cm2 lm. The gaseous emissions may be considered isotropic

and, in that case, one-half of the emitted radiation is incident

on the free surface (x = 0) of the YSZ coating. Therefore, the

total intensity of the thermal radiation of wavelength ki

emitted by all of the combustion gases, Ig(ki,0), that enters

into the coating layer at x = 0, is given by

Igðki; 0Þ ¼
1

2
f1� qYðki; TYð0ÞÞg

�
XJ

j¼1

ejðki; TgÞIðki;j; TgÞDki;j; ð5Þ

where qY(ki,TY(0)) is the reflectivity of the coating at the

wavelength ki and the coating surface temperature TY(0),

and J is the total number of combustion species emitting

radiation at the wavelength ki.

As the intensity Ig(ki,0) propagates through the coating

layer, a fraction of it (fa) may be absorbed by the coating

while the rest (fs = 1 - fa) of the radiation may scatter

through the medium. Considering the absorption and

scattering processes to follow the Beer–Lambert law with

the appropriate wavelength- and temperature-dependent

absorption coefficient, aa(ki,TY(x)), and scattering coeffi-

cient, as(ki,TY(x)), the intensity of the forward-moving

thermal radiation of wavelength ki can be written as

D x

x L c 

Control volume 

x+D x

 YSZ 
Metal  
blade BC 

B 1 

B 2 

B 3 

B U 

A 1 

A 2 

A 3 

A U . . 
. 

. . 

. 

I g0 

I b1 

I b2,1 

I b2,2 

I b2,3 

I b2,U

x
L m L Y 

Fig. 2 Propagation of thermal radiation in various parts of the turbine

blade system and multiple reflections in the bondcoat
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Ifðki; xÞ ¼ Igðki; 0Þ½fa expf�aaðki; TYðxÞÞxg
þ fs expf�asðki; TYðxÞÞxg� ð6Þ

Equation 6 can be substituted into Eq. 4 to determine the

total intensity, Ift(x), due to the forward-moving thermal

radiation.

Intensity at the control volume due to the backward-moving

radiation

When the forward-moving thermal radiation is incident on

the coating–BC interface, a fraction of this radiation is

reflected back into the coating layer as shown in Fig. 2,

which enters into the control volume after traveling a dis-

tance LY - x. The intensity of this backward-moving

radiation is designated by Ib1. The radiation that enters into

the BC layer propagates toward the metal–BC interface,

where a fraction of the radiation is absorbed by the metal

and the rest is reflected back toward the coating–BC

interface. A fraction of this reflected radiation passes

through the coating–BC interface and propagates toward

the control volume as a backward-moving radiation, and

the rest of the radiation is reflected back toward the metal–

BC interface. The metal–BC interface, in turn, absorbs a

fraction of the radiation and reflects the rest toward the

coating–BC interface. Thus, multiple reflections occur at

these two interfaces and the coating–BC interface creates a

set of backward-moving radiation field of intensities

Ib2;1; Ib2;2; Ib2;3; . . .; Ib2;U due to the 1st, 2nd, 3rd,… ,Uth

reflection, respectively, where U is the total number of

reflections considered to account for the effect of multiple

reflections. So, the total intensity at the control volume due

to these two types of backward-moving thermal radiation is

Ibtðk;TYðLYÞÞ¼
XN

i¼1

Ib1ðki;TYðLYÞÞþ
XU

u¼1

Ib2;uðki;TYðLYÞÞ
" #

ð7Þ

The expression for Ib1 is

Ib1ðki; TYðxÞÞ ¼ Ig0ðki; TYðxÞÞqYðki; TYðLYÞÞ
� ½fa expf�aaðki; TYðxÞÞðLY � xÞg
þ fs expf�asðki; TYðxÞÞðLY � xÞg�; ð8Þ

where Ig0 is the intensity of thermal radiation at the coating–

BC interface, which is given by Ig0ðki; TYðLYÞÞ ¼ Igðki; 0Þ
½fa expf�aaðki; TYðLYÞÞg þ fs expf�asðki; TYðLYÞÞg�: qY

ðki; TYðLYÞÞ is the reflectivity of the coating layer for

wavelength ki at the temperature TY(LY).

The total intensity at the control volume due to the

backward-moving radiation after U reflections at the

coating–BC interface can be obtained by determining

the backward-moving radiation after uth reflection at this

interface and summing it over all values of u ranging from

1 to U, which yields

XU

u¼1

Ib2;uðki; TYðxÞÞ

¼ Ig0ðki; TYðLYÞÞ½fa expf�aaðki; TYðxÞÞðLY � xÞg
þ fs expf�asðki; TYðxÞÞðLY � xÞg�
� f1� qYðki; TYðLYÞÞg2qmðki; TmðLmÞÞ

�
XU

u¼1

qu�1
Y ðki; TYðLYÞÞqu�1

m ðki; TmðLmÞÞ; ð9Þ

where qmðki; TmðLmÞÞ is the reflectivity of the metal blade

layer for wavelength ki at the temperature Tm(Lm).

Equation 9 is obtained by neglecting the absorption and

scattering in the BC layer because its thickness is very

small compared to the coating layer thickness. U is

generally very large, i.e., U ? ?, since a large number

of multiple reflection occurs in the BC layer until the

intensity of the radiation diminishes to zero within the BC

layer. So, the summation factor
PU

u¼1 qu�1
Y ðki; TYðLYÞÞ

qu�1
m ðki; TmðLmÞÞ in Eq. 9 represents a geometric series of

infinite terms. The common ratio, qYðki; TYðLYÞÞ
qmðki; TmðLmÞÞ, of this series is less than 1 since the

reflectivity is less than 1 for partially reflecting

surfaces. The sum of this series, therefore, can be written

as 1=ð1� qYðki; TYðLYÞÞqmðki; TmðLmÞÞÞ; which simplifies

Eq. 9 to the following form.

XU

u¼1

Ib2;uðki; TYðxÞÞ

¼ Ig0ðki; TYðLYÞÞ½fa expf�aaðki; TYðxÞÞðLY � xÞg
þ fs expf�asðki; TYðxÞÞðLY � xÞg�

� f1� qYðki; TYðLYÞÞg2qmðki; TmðLmÞÞ
1� qYðki; TYðLYÞÞqmðki; TmðLmÞÞ

ð10Þ

Equations 8 and 10 can be substituted into Eq. 7 to

determine the total intensity, Ib(k,TY(LY)), due to the

backward-moving thermal radiation.

Intensity at the metal–BC interface due to multiple

reflections in the BC layer

The multiple reflections in the BC layer generate a back-

ward-moving radiation field as discussed above, and a

forward-moving radiation field that imposes a heat flux on

the metal blade at the metal–BC interface, i.e., at x = Lm.

The total absorbed intensity of this radiation at this inter-

face, i.e., the amount of radiative heat absorbed by the

metal blade per unit surface area per unit time at x = Lm,

due to U reflections is given by
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IAðki; TmðLmÞÞ
¼ Ig0ðki; TmðLmÞÞð1� qYðki; TYðLYÞÞÞ

� ð1� qmðki; TmðLmÞÞÞ
XU

u¼1

qu�1
Y ðki; TYðLYÞÞ

� qu�1
m ðki; TmðLmÞÞ ð11Þ

which is obtained by neglecting the absorption and

scattering in the BC layer as in the case of calculating

the intensity of backward-moving radiation field. As in the

case of Eq. 9, the summation factor in Eq. 11 can be

written as 1=ð1� qYðki;TYðLYÞÞqmðki; TmðLmÞÞÞ which

simplifies Eq. 11 to the following form.

IAðki; TmðLmÞÞ
¼ Ig0ðki; TmðLmÞÞ

� ð1� qYðki; TYðLYÞÞÞð1� qmðki; TmðLmÞÞÞ
1� qYðki; TYðLYÞÞqmðki; TmðLmÞÞ

ð12Þ

Equation 12 will be used for the heat flux boundary con-

dition at the metal–BC interface.

Boundary conditions for governing Eqs. 2 and 3

The convection boundary condition is applied at the sur-

face of the coating layer facing the combustion gas, which

yields

kYðTYÞ
oTYðxÞ

ox
¼ hg TYð0Þ � T1;g

� �
at x ¼ 0; ð13Þ

where T?,g is the temperature of the gas far away from

the coating surface x = 0. We apply the continuity of

temperatures and heat fluxes at the metal–BC interface,

i.e.,

TYðLYÞ ¼ TmðLYÞ at x ¼ LY; ð14Þ

which is obtained by assuming negligible temperature

variation within the BC layer because it is very thin

implying LY � Lm and, therefore, TmðLYÞ � TmðLmÞ; and

� kYðTYÞ
oTYðxÞ

ox
þ
XN

i¼1

IAðki; TmðLmÞÞ ¼ �kmðTmÞ
oTmðxÞ

ox

at x ¼ LY: ð15Þ

We apply the convection boundary condition at the

metal–coolant interface, i.e.,

�kmðTmÞ
oTmðxÞ

ox
¼ hc TmðLcÞ � T1;c

� �
at x ¼ Lc; ð16Þ

where hc is the heat transfer coefficient at the coolant–

metal interface, i.e., at x = Lc, and T?,c is the coolant

temperature far away from the coolant–metal interface.

These boundary conditions will be utilized to determine the

temperature distributions in the coating layer and the metal

blade based on Eqs. 2 and 3.

Solutions of the governing Eqs. 2 and 3

Equations 2 and 3 are nonlinear because the thermal

conductivities, kY(TY(x)) and km(Tm(x)), the absorption

and scattering coefficients, aa(ki,TY(x)) and as(ki,TY(x)),

respectively, and the reflectivities, qY(ki,TY(x)) and

qm(ki,Tm(x)), depend on temperatures. Also these two

equations are coupled through the boundary conditions.

Therefore, these two nonlinear, coupled, ordinary differ-

ential equations are difficult to solve analytically. To

obtain analytic solutions, these properties are evaluated at

average temperatures based on the operating temperatures

of the turbine system; for example, the thermal conduc-

tivity and the absorption and scattering coefficients of the

coating layer are evaluated at the average value of the

coating surface temperature and the coating–metal inter-

face temperature. The reflectivity of the coating surface is

evaluated at the average value of the coating surface

temperature and the combustion gas temperature. The

reflectivity of the metal blade at the metal–BC interface

and the thermal conductivity, km(Tm(x)), are evaluated at

the average value of the blade temperature at this inter-

face and the blade temperature at the metal–coolant

interface. Based on these simplifications in evaluating the

material properties, the solutions of Eqs. 2 and 3 can be

written as

TYðxÞ ¼
1

kY

FfðxÞ �
1

kY

FbðxÞ þ C1xþ C2 ð17Þ

and

TmðxÞ ¼ C3xþ C4 ð18Þ

where Ff(x) and Fb(x) are two indefinite integrals given by

FfðxÞ ¼
R

IftðxÞdx and FbðxÞ ¼
R

IbtðxÞdx, and C1, C2, C3,

and C4 are the constants of integrations. These constants

are determined by substituting Eqs. 17 and 18 in the

boundary conditions (Eqs. 13–16), which yields the

following expressions.

C1 ¼
gðxÞ

LY þ kY

hg
� LY

kY

km
þ kmþhcLcð Þ

hc

� �
kY

km

� �h i ð19Þ

C2 ¼
kY

hg

gðxÞ
LY þ kY

hg
� LY

kY

km
þ kmþhcLcð Þ

hc

� �
kY

km

� �n o
2
4

3
5

� 1

kY

Ffð0Þ þ
1

kY

Fbð0Þ þ T1;g þ
Iftðki; TYð0ÞÞ

hg

� Ibtðki; TYð0ÞÞ
hg

ð20Þ
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C3 ¼
kY

km

gðxÞ
LY þ kY

hg
� LY

kY

km
þ ðkmþhcLcÞ

hc

� �
kY

km

� �n o
2
4

3
5

þ Iftðki; TYðLYÞÞ
km

� Ibtðki; TYðLYÞÞ
km

� 1

km

XN

i¼1

IAðki; TYðLYÞÞ ð21Þ

and

C4 ¼ �
"

kY

km

gðxÞ
LY þ kY

hg
� LY

kY

km
þ ðkmþhcLcÞ

hc

� �
kY

km

� �n o
8<
:

9=
;

þ Iftðki; TYðLYÞÞ
km

� Ibtðki;TYðLYÞÞ
km

� 1

km

XN

i¼1

IAðki; TYðLYÞÞ
#
ðkm þ hcLcÞ

hc

þ T1;c ð22Þ

where

gðxÞ ¼ � 1

kY

FfðLYÞ þ
1

kY

FbðLYÞ þ
1

kY

Ffð0Þ �
1

kY

Fbð0Þ

� T1;g �
Iftðki; TYð0ÞÞ

hg

þ Ibtðki; TYð0ÞÞ
hg

þ LY

"
Iftðki; TYðLYÞÞ

km

� Ibtðki; TYðLYÞÞ
km

� 1

km

XN

i¼1

IAðki; TYðLYÞÞ
#

�
"
ðkm þ hcLcÞ

hc

(
Iftðki; TYðLYÞÞ

km

� Ibtðki; TYðLYÞÞ
km

� 1

km

XN

i¼1

IAðki; TYðLYÞÞ
)
� T1;c

#

These expressions for C1, C2, C3, and C4 can be

substituted into Eqs. 17 and 18 to obtain the temperature

distributions in the coating layer and metal blade,

respectively, as follows.

TYðxÞ ¼
1

kY

FfðxÞ �
1

kY

FbðxÞ

þ gðxÞ
LY þ kY

hg
� LY

kY

km
þ ðkmþhcLcÞ

hc

� �
kY

km

� �h i x

þ kY

hg

gðxÞ
LY þ kY

hg
� LY

kY

km
þ ðkmþhcLcÞ

hc

� �
kY

km

� �n o
2
4

3
5

� 1

kY

Ffð0Þ þ
1

kY

Fbð0Þ þ T1;g þ
Iftðki;TYð0ÞÞ

hg

� Ibtðki; TYð0ÞÞ
hg

ð23Þ

and

TmðxÞ ¼
"

kY

km

gðxÞ
LY þ kY

hg
� LY

kY

km
þ ðkmþhcLcÞ

hc

� �
kY

km

� �n o
8<
:

9=
;

þ Iftðki; TYðLYÞÞ
km

� Ibtðki; TYðLYÞÞ
km

� 1

km

XN

i¼1

IAðki; TYðLYÞÞ
#

x

�
"

kY

km

gðxÞ
LY þ kY

hg
� LY

kY

km
þ ðkmþhcLcÞ

hc

� �
kY

km

� �n o
8<
:

9=
;

þ Iftðki; TYðLYÞÞ
km

� Ibtðki; TYðLYÞÞ
km

� 1

km

XN

i¼1

IAðki; TYðLYÞÞ
#
ðkm þ hcLcÞ

hc

þ T1;c

ð24Þ

Results and discussion

The temperature distribution within the ceramic coatings

and the total heat flux through the TBC system are calcu-

lated for various material properties listed in Table 1.

To analyze how the reflectivity of the coating layer

affects the temperature distribution in a TBC system, Fig. 3

is plotted for different values of the reflectivity. The sur-

face temperature of the YSZ coating is reduced by about

45 K in the case of high (80%) reflectivity compared to the

case low (20%) reflectivity. The difference in the temper-

ature (DTY) at the YSZ coating surface (x = 0) and the

coating–BC interface (x = LY) ranges from 8 to 11 K for

different values of the reflectivity. The temperature drop

within metal layer (DTm) between the points x = Lm and

x = Lc is 4 K which is lower than in the coating layer. It is

clear that YSZ coatings of high reflectivity can reduce the

temperature in the coating layer and metal blade.

Siegel and Spuckler [8] analyzed the effects of radiative

heating on the temperature distributions and heat fluxes in

TBCs using heat transfer coefficients hg = 3014 W/m2 K

and hc = 3768 W/m2 K for the hot combustion gas and the

coolant, respectively, in turbine engines for aerospace

applications. These values may be reasonable for aerospace

applications, but they are rather high for turbines in power

plants. Their results showed a large temperature drop (e.g.,

300 K) across the TBC thickness, which is, however, not

due to good thermal barrier effectiveness, i.e., low thermal

conductivity, of the TBC but due to the large heating and

cooling effects, i.e., large values of hg and hc, respectively.

Although the large values of hg increase the heat flux on the

TBC surface, the disadvantage of the large values of hc is
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that a large amount of thermal energy is lost to the coolant

and, therefore, much of the energy of the combustion fuel

is not utilized by the turbine system for power generation.

Wang et al. [7] used the heat transfer coefficients

hg = 250 W/m2 K for the hot combustion gas and

hc = 110 W/m2 K for the coolant, which are considered

reasonable for turbines in power plants, and showed rela-

tively small temperature drop (e.g., 34 K) across the mul-

tiple-layered TBC thickness. Both studies [7, 8], however,

ignored the volumetric heating due to the propagation of

radiation in the TBC layer. The volumetric heating is

considered in our model and the temperature drop across

the TBC thickness is found to be very small (8–11 K),

indicating that high-temperature gaseous radiation heats up

the interior of the TBC layer and thus reduces the thermal

barrier effectiveness of TBC.

The effects of the relative magnitudes of the radiation

absorption and scattering are also analyzed and presented

in Fig. 4 for different values of the absorption fraction (fa)

and scattering fraction (fs), which show that the drops in

temperature across both the coating layer and the metal

blade are higher in the case of low absorption fraction

(fa = 0.2) and high scattering fraction (fs = 0.8) than in the

case of fa = 0.8 and fs = 0.2. The effect of scattering in the

material is generally small when the absorption coefficient

is large. The reciprocal of these coefficients can be con-

sidered as the mean distance traveled by the thermal

radiation before absorption or scattering occurs. The

smaller the coefficient, the larger would be the distance

traveled by the thermal radiation before being absorbed or

scattered. The absorption of thermal radiation is the process

by which the energy of a photon is taken up by a material,

typically by the electrons of an atom, and the absorbed

radiant energy is transformed to the electric potential

energy of the atom. Several phenomena can occur to this

absorbed energy, since it may be re-emitted by the electron

as scattered radiant energy, dissipated to the rest of the

material as heat, or even the electron can be freed from the

atom. The heated material, in turn, can emit radiation as in

the case of the blackbody emission of radiation. The tem-

perature of a material changes when it absorbs or emits

thermal radiation. Absorption and emission, therefore,

affect the temperature distribution in a material. Scattered

thermal radiation, on the other hand, does not affect the

temperature of a material unless it is absorbed. So,

increasing the scattering coefficient of TBCs is a possible

approach to reduce the volumetric heating of TBCs by

thermal radiation. Furthermore, the heat conduction by

phonons, which are the quanta of energy for various

vibrational modes of a solid, can be affected by limiting the

phonon mean free path. These quanta of energy, therefore,

are also affected by the absorption and scattering coeffi-

cients [1, 2].

The effects of the thermal conductivity of YSZ are

presented in Fig. 5. It shows that the temperature reduction
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in the TBC layer is more significant for low (0.7 W/m K)

thermal conductivity than for high (1.5, 2.5, or 3.5

W/m K) thermal conductivities. These values of thermal

conductivity are based on the data used by Klemens and

Gell [2]. This reduction in temperature depends on both the

thermal conductivity and the volumetric heating by the

thermal radiation. Since the intensity of the thermal radi-

ation varies along the TBC thickness, the temperature drop

across the TBC layer is examined in Fig. 6 for different

values of the TBC thickness ranging from 0.25 to 1 mm.

The thermal resistance of a material decreases as its

thickness decreases. So, it is expected that the surface

temperature of the coating and the temperature drop across

it will decrease as the coating thickness decreases. In

crystalline solids, heat is transferred by three mechanisms:

free electrons, lattice vibrations, and radiation [19]. Since

YSZ is an electrical insulator, free electrons are not

expected to contribute to the total thermal conductivity of

YSZ. So, the lattice vibrations (phonons) and the radiations

(photons) will affect the flow of thermal energy within the

TBC layer. The contribution of lattice vibration to the

thermal conductivity of YSZ can be expressed by kY ¼
1=3

R
CVq�mlp; where CV is the specific heat capacity at

constant volume, q is the density, �m the phonon velocity,

and lp is the mean free path of phonons [6, 19]. Any of

these four parameters can be reduced to decrease the

thermal conductivity. Since large thicknesses of the coating

increase its thermal resistance, a large temperature drop

can be achieved across the TBC layer for thick coatings.

However, thick coatings offer longer distances for the

propagation and absorption of radiation causing radiative

heating over a large volume of the coating. So, a thick

coating has two opposite effects. While it increases the

temperature drop across the TBC layer owing to conduc-

tion heat transfer, it simultaneously decreases the temper-

ature drop owing to volumetric heating by thermal

radiation. However, the radiative heating can be reduced by

designing a coating of high reflectivity at all the wave-

lengths of the radiation emitted by the combustion gas. It

should be noted that low thermal conductivity also

increases the thermal resistance of a material. So, a coating

of large thickness, low thermal conductivity, and high

reflectivity will be an effective TBC for both conductive

and radiative heating. Rare earth oxides such as CeO2,

HfO2, Y2O3, and Sc2O3, or other oxides such as In2O3 and

Al2O3 can be incorporated into the TBC material to

increase its reflectivity at high temperatures. These oxides

need to be used in small amounts so that they do not

change the metallurgical composition of the TBC signifi-

cantly. Such additives will, therefore, enable improving the

radiative properties of the coating while maintaining the

oxidation- and corrosion-resistant properties of current

TBC in harsh environments.

For quantitative analysis of the TBC design parameters,

such as the TBC thickness, thermal conductivity, and

reflectivity, the temperature drop (DT) across the TBC layer

is generally considered a critical parameter because DT

increases as the TBC thickness increases and its thermal

conductivity decreases. This trend is shown in Fig. 7a. Low

thermal conductivity (kY = 0.7) and thick (1 mm) coating

of TBC have a large temperature drop (DT = 113.48 K)

between x = 0 and x = LY, i.e., across the TBC layer.

0.0 0.5 1.0 1.5 2.0
1250

1255

1260

1265

Position within coating and metal, mm

K ,erutarep
me

T

YSZ coating Superalloy metal

a: L
Y
 = 1 mm

b: L
Y
 = 0.5 mm

c: L
Y
 = 0.25 mm

a

b

c ∆T = 12 K∆T = 6 K
∆T = 3 K

Fig. 6 Effect of the TBC thickness on the temperature drop across

the TBC layer and the metal blade

0.25 0.50 0.75 1.00

60

70

80

90

100

110

120

a: k
Y
 = 0.7

b: k
Y
 = 0.8

c: k
Y
 = 0.9

∆
)

K( 
T

Thickness, mm

a

b

c

0.2 0.3 0.4 0.5 0.6 0.7 0.8
85

90

95

100

105

110

115

120

125

130

135

140

∆T (T
g
 = 1273 K)

)
K( erutarep

me
T

 T
surface

 with T
g
 = 1423 K

 T
metal

 with T
g
 = 1423 K

 T
surface

 with T
g
 = 1273 K

 T
metal

 with T
g
 = 1273 K

Reflectivity

∆
)

K( 
T

∆T (T
g
 = 1423 K)

1050

1100

1150

1200

1250

1300

1350

1400

1450
k

Y
 = 0.7 W/mK

L
Y
 = 1 mm

(a) (b)

Fig. 7 a Effect of the TBC

thickness on the temperature

drop (DT) across the TBC layer

for different thermal

conductivities. b Effect of

reflectivity of the temperature

drop (DT) and TBC surface

temperature (TY(0)) and the

TBC–metal blade interface

temperature (TY(LY) and

Tm(LY)) for different

combustion gas temperatures

(Tg = 1423 and 1273 K). kY =

0.7 W/mK, LY = 1 mm, fa = 0.6

and fs = 0.4

3598 J Mater Sci (2009) 44:3589–3599

123



However, DT alone is not a critical parameter to understand

the effect of radiative heating because the radiation can heat up

both the TBC surface and the metal blade, which may reduce

the value of DT but heat up the metal blade above its safe

operating temperature. Therefore, Fig. 7b is plotted to show

DT and the TBC surface and metal blade temperatures as a

function of reflectivity, where kY = 0.7 and LY = 1 mm have

been chosen as the typical values for TBC. Two sets of results

are plotted, one for the combustion gas temperature

Tg = 1423 K and the other for Tg = 1273 K, to show that

highly reflective TBC allows operating a typical turbine sys-

tem at higher combustion gas temperatures without increasing

the value of DT significantly. The TBC surface and the metal

blade temperatures decrease as the reflectivity increases.

Therefore, high reflectivity such as q = 0.8, which yields

high temperature drop (DT = 126.34 K) and low TBC sur-

face and metal blade temperatures (TY(0) = 1285 K and

TY(LY) = 1159 K) for the combustion gas temperature

Tg = 1423 K, would be a desirable property for TBC to act as

RBC.

Conclusions

Conduction and radiative heatings are two heating modes

for TBC. Only the conduction mode is generally consid-

ered for TBC design. The radiative heating is important at

high combustion temperatures. A one-dimensional heat

transfer model, which includes the effect of radiative

heating, is developed for the temperature distributions in

the coating layer and the metal blade beneath the coating.

The volumetric heat source caused by the absorption of

radiation decreases the temperature drop across the TBC

layer significantly. A radiation barrier coating is necessary

to mitigate this effect and such coatings can be designed by

increasing the reflectivity, scattering coefficient, and coat-

ing thickness, and by decreasing the absorption coefficient

and thermal conductivity. Increased thickness, low con-

ductivity, and high reflectivity of TBC increase the oper-

ating temperature of turbine engines.
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